Abstract. Let A be a self-injective algebra over an algebraically closed field k. We show that if an Amodule M of complexity one has an open GL d (k)-orbit in the variety Mod A d of d-dimensional A-modules, then M is periodic. As a corollary we see that any simple A-module of complexity one must be periodic. In the course of the proof, we also show that modules with open orbits are preserved by stable equivalences of Morita type between self-injective algebras.
The complexity of a module M over a finite-dimensional algebra A is an invariant measuring the growth rate of a minimal projective resolution P
• of M :
For example, cx A (M ) = 0 if and only if M has finite projective dimension, and cx A (M ) ≤ 1 if and only if M has a projective resolution with terms of bounded dimension. The study of complexity emerged in the representation theory of finite groups, motivated in part by results of Alperin [1] and Eisenbud [6] , stating that any module of complexity one over a group algebra kG is periodic, i.e., has a periodic projective resolution. However, the same is not true over arbitrary self-injective algebras; the simplest counterexamples being afforded by the quantum exterior algebras in two generators [13] . Namely, if Λ q = k x, y /(x 2 , y 2 , xy + qyx) for q ∈ k * of infinite multiplicative order, and M = Λ q (x + y), then it is not hard to see that Ω i M ∼ = Λ q (x + q i y) for all i ∈ Z. Moreover, these syzygies are all 2-dimensional and pairwise non-isomorphic. Similar counterexamples over commutative local rings were first given by Gasharov and Peeva [9] , and now many such are known. Our goal here is to show that any simple module of complexity one over a self-injective algebra is indeed periodic.
We establish this result through a geometric argument using the affine varieties Mod 
When A is basic, any simple A-module is one-dimensional, and hence its orbit in Mod A 1 is trivially open. Since periodicity of a module is clearly preserved by Morita equivalence, we obtain our previous claim: Corollary 2. Any simple module of complexity one over a self-injective algebra is periodic.
In fact, these two results are essentially un-noted corollaries of work of Everett Dade [5] , which we discovered independently and by a less direct approach making use of more recent developments. While our definitions differ somewhat from those of Dade, our preliminary results closely parellel his own, as noted below.
the relations ρ i for each i ∈ I. As each such relation can be expressed via polynomial equations in the entries of the matrices X i , we see that the possible A-module structures on k d are parametrized by the points of the (usually reducible) affine variety
The isomorphism class of the module corresponding to a point in this variety obviously does not depend on a fixed basis of k d and is thus independent of a change of bases. Indeed, the general linear group GL d (k) acts morphically on this variety via conjugation (corresponding to rewriting the matrices X i with respect to a different basis of k d ), and the orbits of this action correspond precisely to the isomorphism classes of d-dimensional A-modules. If M is a d-dimensional A-module, with a slight abuse of notation, we identify M with the corresponding point in Mod . Indeed, we will see that it is captured by the following definition. As usual, we write Spec R for the maximal ideal spectrum of a commutative noetherian k-algebra R.
Definition 3. We say that a d-dimensional A-module M A is rigid if for every one-dimensional noetherian domain R (over k) and all (R, A)-bimodules RMA which are free of rank d over R, the set
is open in Spec R. (Note that since Spec R is one-dimensional, it would be equivalent to require this subset to be dense whenever it is non-empty.)
Geometrically, this definition says M is rigid if and only if
is open for all morphisms ϕ from an affine curve C to Mod 
Thus the A-module corresponding to ϕ(m) is k ⊗ RMA = R/m ⊗ RMA by the last paragraph. Consequently we see that the set of m ∈ Spec R for which R/m We end this section with a lemma giving a slightly stronger characterization of rigidity, which we will need later.
Proposition 4. A d-dimensional A-module M is rigid if and only if O(M ) is open in Mod
Lemma 5. Let M A be a rigid d-dimensional A-module M A . Then the set {m ∈ Spec R | R/m ⊗ RMA ∼ = M A } isopen in Spec R for every one-dimensional noetherian domain R and all (R, A)-bimodules RMA which are locally free of rank d over R. Proof. Suppose M A is rigid and let RMA be an (R, A)-bimodule which is locally free of rank d over R. Moreover, suppose that R/m 0 ⊗ RMA ∼ = M A for some m 0 ∈ Spec R. According to Exercises 4.11-12 of [7], we can find f ∈ R \ m 0 such thatM [f −1 ] is free over R[f −1 ]. Since R[f −1 ] is again a onedimensional noetherian domain, and R[f −1 ]/m 0 [f −1 ] ⊗ R[f −1 ]M [f −1 ] ∼ = R/m 0 ⊗ RM ∼ = M A , we have R[f −1 ]/m ⊗ R[f −1 ]M [f −1 ] = R[f −1 ]/m ⊗ RM ∼ = M A for a dense set of m ∈ Spec R[f −1 ]. Since Spec R[f −1 ] canbe identified with the open subset of Spec R consisting of maximal ideals not containing f , we get R/m ⊗ RMA ∼ = M A for a dense set of m ∈ Spec R.
Stable equivalences of Morita type
We now assume that A and B are self-injective in order to study the effect of a stable equivalence on modules with open orbits. Of course, if we hope to show that rigidity is preserved by an equivalence of stable categories, then we should expect that rigidity is not affected by adding or removing projective direct summands.
Lemma 6 (Cf. Theorem 3.16 in [5] ). Let M be a d-dimensional A-module and let P be a projective A-module.
Then O(M ⊕ P ) is open if and only if O(M ) is open.

Proof. ⇐: This direction follows from Theorem 1.3 in [4]. Suppose O(M ) is open. Then the set E(O(M ) × O(P )), defined as the GL-stable subset consisting of extensions E of M by P , coincides with O(M ⊕ P )
and is open by part (iii) of the aforementioned theorem. ⇒: Let C M and C P be irreducible components containing M and P respectively. Since P is projective, Ext The main examples of interest to us here are the syzygy functors over a self-injective algebra. Namely, when A is self-injective, tensoring with the (A, A)-bimodules Ω n A e (A) and Ω
−n
A e (A) induces the n th syzygy functor Ω n and its inverse Ω −n , respectively, on mod-A. By Theorem 3.2 of [14] , this pair of bimodules yields a stable equivalence of Morita type. Likewise, since the auto-equivalences DTr and TrD of mod-A are induced by exact functors on mod-A [2] , they also lift to a stable equivalence of Morita type. Additional examples are found in modular representation theory. Namely, if B is a block of a finite group G with a trivial-intersection defect group D, and b is the Brauer correspondent of B, then the Green correspondence (i.e., the induction and restriction functors) provides a stable equivalence of Morita type between B and b. In fact, in this context Dade has shown that the Green correspondence preserves algebraically rigid modules. Using our definition of rigidity, it is not hard to extend this result to arbitrary stable equivalences of Morita type between self-injective algebras. . Since A X is projective and RM is free, RM ⊗ A X B is projective over R, hence locally free. As we also have R/m 0 ⊗ R (M ⊗ A X B ) ∼ = N B , we can conclude that R/m ⊗ R (M ⊗ A X B ) ∼ = N B for a dense subset of m ∈ Spec R. Tensoring with Y and using X ⊗ B Y ∼ = A ⊕ P , we have
for each m belonging to a dense subset of Spec R. Comparing non-projective summands and using the fact
The converse is proved similarly, as M ⊗ A X B ∼ = N ⊕ Q 0 for some projective Q 0 and some N B with N ⊗ B Y A ∼ = M ⊕ P 0 with P 0 projective.
We can now prove our main result. Remark. In the language of algebraically rigid modules over a self-injective algebra, Dade has shown the following [5] :
• For each d > 0, there are only finitely many algebraically rigid modules of dimension d, up to isomorphism (Corollary 1.12).
• If M is algebraically rigid, then so is Ω i M for all i ∈ Z (Proposition 3.12).
• Any simple module is algebraically rigid (Proposition 3.4).
The argument above thus shows that any algebraically rigid module of complexity one is periodic, and hence establishes Corollary 2 as well.
Algebras of complexity one
The complexity of a self-injective algebra A is defined as cx(A) = sup {cx(M ) | M ∈ mod-A} = sup {cx(S) | S A simple}.
Using [11] it is easy to see that cx(A) = cx A e (A) where A e = A op ⊗ k A is the enveloping algebra of A. Moreover, we say that A is a periodic algebra if A is a periodic A e -module. To the best of our knowledge, there are no known examples of self-injective algebras of complexity one which are not periodic. In this section, we investigate whether the above methods could be applied to show that a self-injective algebra of complexity one is periodic.
From Corollary 2 it follows that over an indecomposable self-injective algebra A of complexity one every simple module is periodic. By Theorem 1.4 of [10] , we know that this latter condition is equivalent to Ω n A e (A) ∼ = 1 A σ for some σ ∈ Aut k (A) and some n ≥ 1, where 1 A σ denotes the twisted (A, A)-bimodule A with the right action twisted by σ: a · x · b = axb σ . In this case, A is periodic if and only if σ has finite order in Out k (A).
By Theorem 1, to show that a self-injective algebra of complexity one is periodic, it would suffice to show that the bimodule A has an open orbit in Mod A e d . Unfortunately, this condition appears to fail even in the simplest cases. For consider the (periodic) algebra A = k[x]/(x 2 ), which has a one-parameter family of outer automorphisms σ t defined by x σt = tx for t ∈ k * . It follows that the A e -modules 1 A σt provide a oneparameter family of non-isomorphic modules in the same irreducible component of Mod A e 2 , and consequently O ( 1 A 1 ) is not open. The following significantly weaker statement is perhaps the best we can expect to hold in general regarding the geometry of the bimodule 1 A 1 . Proposition 9. For a self-injective algebra A, the A e -module A is not a proper degeneration of any other A e -module.
Proof. Suppose that M ≤ deg A for an (A, A)-bimodule M . Then there is a short exact sequence 0 → U −→ U ⊕ M −→ A → 0 of bimodules by [15] . Clearly this sequence splits when considered as a sequence of either left or right A-modules, yielding M A ∼ = A A and A M ∼ = A A. We also see that S ⊗ A M A ∼ = S A for all simple modules S A (and similarly for all simple left modules). Using arguments from the proof of Theorem 1.4 in [10] , we see that M is isomorphic to a twisted bimodule 1 A σ for some σ ∈ Aut k (A). But End A e ( 1 A σ ) ∼ = Z(A) ∼ = End A e (A) implies that the orbits of 1 A σ and A each have dimension d 2 − dim k Z(A) by II.3.6 of [12] . Thus A ∈ O( 1 A σ ) forces A ∈ O( 1 A σ ).
